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Abstract 

> 

^D ' We present new basic identity for any associative algebra in terms of single commutator 

^^ ' and anticommutators. From this identity we derive the set of four identities in terms of 



double commutators and anticommutators. Two of these four identities are independent. 
Equipping a given algebra with the basic identity we can prove that the multiplication in 
cn ' this algebra satisfies the associative condition. Extension of obtained results to supercase 

is found. A new identity for non-degenerate even symplectic (super)manifolds is proposed. 
Generalization of basic identity for the case of arbitrary number of elements is given. 
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1 Introduction 

Mathematical methods developed within Mathematical Analysis, Algebra, Differential Geom- 
etry, Differential Equations, Theory of Groups, Supermathematics and so on play a very im- 
portant role in Modern Theoretical Physics. Formulations of Classical Mechanics and Classical 
Field Theory are based on symplectic manifolds endowed with the Poisson bracket satisfying 
the Jacobi identity [H [2]. Quantum Mechanics intensively uses associative algebras of ob- 
servable, differential equations, theory of groups, functional analysis [3l H]. One of the main 
ingredients in consistent formulation of quantum mechanics is the commutator of operators 
which satisfies the Jacobi identity. Foundation of General Relativity is differential geometry on 
manifolds (see for instance [5]). The main object of General Relativity is the Riemann tensor 
which obeys in particular the Bianchi identity following from the Jacobi identity for covari- 
ant derivatives. Quantization of dynamical systems with constraints in Hamiltonian formalism 
[SI m El [9] assumes utilization of even symplectic supermanifolds ^0\ equipped with superex- 
tension of commutator and the Poisson bracket satisfying the generalized Jacobi identities. 
Quantum theory of gauge fields in the Lagrangian formalism is constructed with the help of 
odd symplectic supermanifolds endowed with the antibracket (the super Poisson bracket [XT] ) 
which satisfies the generalized Jacobi identity. List of such descriptions can be continued. 

In present paper we are going to consider the Jacobi identity existing naturally for every 
associative algebra from a new point of view (in our knowledge ). To do this we propose a new 
identity for any three elements of a given associative algebra using single commutators only 
instead of the Jacobi identity when double commutators are utilized. From this new identity 
the Jacobi identity can be derived but not on the contrary. Introducing the anticommutator 
we propose second identity for any associative algebra written for three elements of algebra 
in terms of single commutator and single anticommutators. We prove that the first identity 
written in terms of commutators follows from the second. It allows us speaking of this identity 
as a fundamental (basic) identity for any associative algebra. From the basic relation the 
four identities in terms of double commutators and anticommutators follow. It is proved that 
multiplication operation in an algebra equipped with the basic identity obeys the associative 
condition. 

The paper is organized as follows. In Section 2, for any associative algebras we introduce 
new basic identity written in terms of single commutators and anticommutators and derive the 
set of four (reducible) identities in terms double commutators and anticommutators. We show 
that an algebra endowed with the basic identity is the associative algebra. In Section 3, we 
extend results obtained in previous section to supercase. In Section 4 we investigate a new 
identity existing for non-degenerate symplectic (super)manifolds. In Section 5, generalization 
of basic identities discussed in Section 2 is given. Finally, Section 6 gives concluding remarks. 



2 New identities in associative algebras 

Let us consider an associative algebra A with elements X E A. Let Ti,i = 1,2, ...,n be 
a basis in A so that for any element X oi A there is the decomposition X = x^T^. Because 
TiTj EAwe have 

T,Tj = F,/ n (2.1) 

where F^^^ are structure constants. In terms of F^J' the associative condition {XY)Z = X(YZ) 
reads 

FiI'K]: = F,lF^:'- (2.2) 

We can always present these constants in the form 

1 k 1 

-c- -\ — 

2 *^ ^ 2 



^/ = o^./ + o/i/ (2-3) 



where c^f and /^ /^ obey the following symmetry 



c^ = c^ h' = -f,l (2.4) 



Commutator [-, ■] and anticommutator {•, •} are introduced for any two elements X, 1" G ^ by 
the relations 

[X, Y] = XY - YX, {X, Y} = XY + YX, (2.5) 

which are elements of A. 

From (12. 5p it follows the following Leibniz rules 

[X,YZ] = [X,Y]Z + Y[X,Z], {X,YZ} = {X,Y}Z-Y[X,Z]. (2.6) 



It is clear that 



[r„ T,] = f,'n, {T„ T,} = c,^n. (2.7) 



For any associative algebra A and for any X,Y, Z E A without any reference to a basis the 
following identities exist 

[X, YZ] + [Z, XY] + [Y, ZX] = 0, (2.8) 

[X, YZ] + {Y, ZX} - {Z, XY} = 0. (2.9) 

From these identities one can derive a set of identities in terms of double commutators and 
anticommutators. In particular, the Jacobi identity usually accepted in this case 

[X, [Y, Z]] + [Z, [X, Y]] + [Y, [Z, X]] = (2.10) 



follows from (12. Sp . Moreover from (12. 8p one can deduce the identity containing the anticom- 
mutator 

[X, {r, z}] + [z, {x,Y}] + [y, {z,x}] = o (2.11) 

In similar manner from (12. 9p one can derive the following identities 

[X,{Y,Z}] - {Z, [X,Y]} + {¥, [Z,X]} = 0, (2.12) 

[X, [Y, Z]] + {Y, {Z, X}} - {Z, {X, Y}} ^ 0. (2.13) 

Note that the identities (12. 8p and (12. 9p are not independent because the summation of (12. 9 p 
over cyclic permutations gives the identity (12. 8p . Therefore we have the reason to consider the 
identity (12. 9p as the fundamental identity in associative algebras because the identities (12. Sp . 
(EHUD, ( 12TT]) . ( 1232|) and (1213|) can be derived from it. In its turn the set of identities (1210P - 
(I2.13P is not independent as well. Indeed, the summation of (]2.12p over cyclic permutations 
gives the identity (12. lip . The same operation applied to the identity (I2.13p leads to the Jacobi 
identity (I2.12p (see too [13 )• Note that for associative algebras the identities (I2.12p . (I2.13P were 
discussed in [13] as well. It is clear that having identities (I2.12p and (I2.13P one can reproduce 
the basic identity (12. 9p . 

It should be noted that without any reference to a basis in A from the associative condi- 
tion (12. 2p one can derive analogs of identities (I2.8p -( |2TT3|) in terms of structure constants. In 
particular, the Jacobi identities for antisymmetric parts of structure constants, f^^, have the 
form 

rmfn,rmfn,rmrn — n (2 lA) 

J ij J mk ' J ki J mj ' J jk J mi \ J 

The identities containing symmetric and antisymmetric parts of structure constants can be 
written as 

'^ij Irak ~r '^ki Jmj ~r '^jk J mi ^ U, \Z.LD) 

Jij ^mk Iki '-'mj "•" '-'jk Jmi ^ U, [A.W) 

'^ij '^mk ~ '^ki '^mj + Jjk Jmi = 0- (2-1 ') 

Existence of the basic identity (12. 9 p allows us to discuss the associativity from a new point 
of view. Indeed, let A be an algebra. Then we can introduce the commutator and anticom- 
mutator by the rules (12. 5 p as elements of A. Suppose the fulfilment of basic identity (12. 9p . We 
know that the identities (I2.1ip -( l2.13p follow from (12. 9p . Then we can introduce the associative 
multiplication. To do this we define the multiplication " o " for any two elements X,Y & Ahj 
the rule 



Xoy = l([x,y] + {x,r}). (2.18) 



In fact, we just put X oY = XY. Let us check that the equaUty 

{XoY)oZ = Xo{YoZ) (2.19) 

holds. From (12J8|) it follows 

{XoY)oZ=[[X,Y],Z] + [{X,Y},Z] + {[X,Y],Z} + {{X,Y},Z}, (2.20) 

Xo{YoZ) = [X, [Y, Z]] + [X, {Y, Z}] + {X, [Y, Z]} + {X, {Y, Z}}. (2.21) 

For the difference of (12:2(1 and ( K2T\\ we obtain 

{X oY) o Z - X o {Y o Z) = -[Z, [X, Y]] - [X, [y, Z]] - (2.22) 

-[Z,{X,Y}] - [X,{Y,Z}] + {Z, [X,Y]} - {X, [Y,Z]} + 
+{Z,{X,Y}}-{X,{Y,Z}}, 

or, taking into account the identity (I2.13P and the Jacobi identity (I2.10p which follows from it, 
the relation (I2.22p reads 

{XoY)oZ-Xo{YoZ) = -[Z, {X, Y}] - [X, {Y, Z}] + {Z, [X, Y]} - {X, [Y, Z]}. (2.23) 

Now expressing [Z, {X, Y}] and [X, {Y, Z}] with the help of the identity (I2.12p we arrive at the 
associativity (I2.19p . Therefore for any algebra A the basic identity (12. 9p is equivalent to the 
associativity. 

Any associative algebra obeys natural structure of the Lie algebra if one defines the Lie 
bracket through associative multiplication. The converse in general is not valid: the Lie bracket 
in general does not allow to introduce an associative multiplication. But if we consider an 
algebra A equipped with two bilinear operations [■, ■] and {■, ■} obeying the following symmetry 
properties: 

[X,Y] = -[Y,X], {X,Y} = {Y,X}, (2.24) 

and satisfying the identities (I2.12p and (I2.13p then one can introduce the associative multipli- 
cation by the rule (I2.18P (see as well [T2]). 



It should be stressed that consideration given above does not use assumptions for basis of 
algebra to be finite or infinite ones as well as to exist at all. 



3 Superextension 

Results obtained in the previous section can be extended to any associative superalgebras A 
with elements X & A having the Grassmann parity £{X). Let Tj, i = 1,2, ...,n, £{Ti) = £» be a 



basis in A so that for any element X & A there is the decomposition X = x^Ti, e{x^) = e{X)+ei. 



Because TjTj G ^ we have 



T,Tj = F,/ n (3.i: 



where F-^'', {e{F-j'') = Si + Ej + Sk) are structure constants. In terms of F^j' the associativity 
{XY)Z = X{YZ) reads 

In supercase the commutator [-, ■] and the anticommutator {■, ■} are introduced for any two 
elements X,Y E Ahj the relations 

[X, Y]=XY- (-i)^(^)"(^)yx, {X, Y} = XY + (-i)^(^)^(^)yx (3.3) 

with evident properties of symmetries 

[X,Y] = -[Y,X]{-iy^^^'^^\ {X,Y} = {Y,X}{-iy^^^'^^\ (3.4) 

From (13. 3 p the following Leibniz rules follow 

[X, YZ] = [X, Y]Z + Y[X, Z](-1)^W^(^), (3.5) 

{X, YZ} = {X, Y}Z - Y[X, Z](-1)^W=(^). (3.6) 

For basis elements one has 

[T„ T,] = //T,, {r„ T,} = c.^'n, (3.7) 

where structure constants f^J' and c^^ obey the following symmetry properties 

q/ = sf (-l)^-^^ /•/ = -/^.'(-i)'"'^- (3-8) 

They can be identified with symmetric and antisymmetric parts of structure coefficients F-f' 

c./ = i^/ + i^f(-l)^'^^ /;/ = i^/-i^f(-ir^ (3.9) 

For any associative superalgebra A and for any X,Y, Z E A the following identities exist 

[x,FZ](-i)^w^(^) + [z,xy](-i)^(^)^(^) + [y,zx](-i)^(^)^w = (3.10) 
[x,rz](-i)^w^(^) + {Y,zx}{-iy^^^'^^^ - {z,xY}{-iy^^^'^^^ = 0. (3.11) 

These identities generalize relations (12. 8 p and (12. 9p . The identity (I3.10p can be derived from 
(13. lip and (13. lip should again be considered as the basic identity for associative super algebras. 
The set of identities in terms of double commutators and anticommutators reads 

[X, [y,z]](-i)^w^(^) + [z, [x,y]](-i)"(^)"(^) + [y, [z,x]](-i)^(^)"W = o, (3.12) 



[X, {F, z}](-i)^w^(^) + [z, {X, y}](-i)^(^)^(^) + [y, {z,x}](-i)^(^)^w = o, (3.13) 
[X, {y, z}](-i)=(^)^(^) - {z, [X, y]}(-i)^(^)^(^) + 

+{y,[Z,X]}(-l)^(^)^(^) = 0, (3.14) 

[X, [y, z]](-i)^(^)^(^) + {y, {z, x}}(-i)^(^)^(^) - 

-{Z, {X, y}}(-l)^(^M^) = 0. (3.15) 

The identities (I3.12p and (I3.13P follow from (I3.15P and (I3.14p respectively by the summations 
over cyclic superpermutations. 

From the associativity (13. 2 p the identities in terms of symmetric and antisymmetric parts 
of structure constants follow 

f^^fn^{-lr'' + fkUnTi-^y^' + f,lfnT{-lW' = 0, (3.16) 

c.ffnki-^r^' + c.r/nr(-i)^^"'= + c,i/„r(-i)^'^^ = o, (3.1?) 

4"c„r(-i)^'^^ - /.rc(-i)''''^ + si/nr(-i)^'^^ = 0, (3.18) 

c.;c,r(-i)^'^'^ - c,rc.r(-i)'^"'= + frkfnn-^r^' ^ 0. (3.19) 

We can again consider the associativity in superalgebras from a new point of view. Consider 
a superalgebra A. Then we can introduce the commutator and anticommutator by the rule (13. 3p 
as elements of ^. Suppose the fulfilment of basic identity (13. lip . Introducing the multiplication 
for any two elements X, y G ^ by the rule 

Xoy = i([x,y] + {x,y}) (3.20) 

and repeating the proof given in the previous section we arrive at the associativity of this 
multiplication 

(Xoy)oZ = Xo(yoZ). (3.21) 

Any associative superalgebra obeys natural structure of the super Lie algebra if one de- 
fines the super Lie bracket through associative multiplication by formula [X, Y] = XY — 
yX(— l)^*^^)^*^^). The converse in general is not valid. But if we can consider a superalgebra 
A equipped with two bilinear operations [■,■] and {■,■} obeying the following properties of 
generalized symmetry 

[x,y] = -(-i)^w^(^)[y,x], {x,y} = (-i)"(^)^(^){y,x}, (3.22) 

and satisfying the identities (I3.14p and (I3.15p . then we can introduce an associative multipli- 
cation. Indeed, let us define the multiplication by the rule (I3.20p and apply the proof given 



above. The we arrive at the associativity of this niultiphcation. In terms of this niultiphcation 
the binary operations introduced above have the usual representation 

[x,y] = Xoy-yoX(-i)^w^(^), {x,y} = Xoy + YoX{-iy^^^'^^\ (3.23) 

Note that the proposal suggested above does not use any reference to a basis in a given super- 
algebra. 



4 Non-degenerate symplectic (super) manifolds 

Consider a non-degenerate symplectic supermanifold {Ai,u) where A^ is a supermanifold 
and cj is a non-degenerate closed symplectic structure with Grassmann parity e{u{X,Y)) = 
b{X) + e{Y) + e{uj) where X and Y are elements of the cotangent space of Ai. We speak of 
even symplectic supermanifold when e{u) = and of odd symplectic supermanifold ii e{u) = 1. 
It is well-known (see for instance [1]) that an even symplectic supermanifold is the background 
underlying the description of classical dynamical systems in the Hamiltonian formalism. In its 
turn covariant quantization of gauge theories (Batalin-Vilkovisky method [H]) is based on a 
non-degenerate odd symplectic supermanifold. Any non-degenerate closed symplectic structure 
defines the super Poisson bracket {F, G} {b{{F, G}) = s{F) + e{G) + e{u)) which for any two 
scalar functions F, G on A^ is a scalar under general changes of coordinates on A4 . The super 
Poisson bracket possesses the antisymmetry 



the linearity 



the Leibniz rule 



the Jacobi identity 



{F, G} = -{G, F}(_i)(-(^)+^H) {^{G)+eH)^ (4^^^ 



{F + G,H} = {F,H} + {G,H}, (4.2) 



{F, GH] = {F, G}H + {F, H}G{-iy^^'>'^^\ (4.3) 



{F, {G, if }}(-l)(^(^)+^(")) (^W+sH) + S}J^ Sp^ Q\\(_l\i'^iH)+sH) {e{G)+e{uj)) _j_ 

+ {G, {H, i7}}(_l)(-(G)+eH) ie{F)+e{u.)) = q (4^4) 

which is the consequence of closeness of symplectic structure. 

In even case {e{u) = 0) the super Poisson bracket coincide with superextension of the 
Poisson bracket. In odd case {b{u) = 1) the super Poisson bracket presents the antibracket 
being one of the fundamental operations in the BV quantization method [TT] . 



We want to note that in even case {s{u) = 0) from ( 14. ip and f l4.3p it follows the identity 

{F, GH}{-iy-^^^'^^^ + {H, FG'}(-1)^(^)^(^) + {G, HF}{-iy^^^'^^^ = 0. (4.5) 

Unfortunately, in contrast with associative algebras, we cannot consider this identity as a 
fundamental one for non-degenerate closed even symplectic sup ermanif olds because we cannot 
deduce the Jacobi identity ( 14 ■4p from ( I4.5p . Nevertheless if the canonical quantization is applied 
to a dynamical system for which the phase space is described by a non-degenerate even closed 
symplectic supermanifold then the Poisson bracket is transformed into commutator {F, G} — )■ 
{ih)~^[F, G] and the identity (14 .Sp is reduced to (I3.10p for operators F, G, H. 

For non-degenerate closed symplectic manifolds all Grassmann parities should be put into 
zero to obtain corresponding relations discussed above in this section. 

5 Generalization of basic identities 

Let us note that for any associative algebra the identities exist 

[Xi,X2X3---X„] + c?/c/e(Xi,X2,...,X„) = 0, n = 3,4,..., (5.1) 

which generalize the identity (12. 8p . The Jacobi identity 

[[x,,X2],x,] + [[Xs, x,],X2] + m, X3], Xi] = 

follows from (15. ip for n = 3 

[Xi,X2Xs] - [X2,XiX:,]+cyde{Xi,X2,X^) = 0. (5.2) 

The generalized Jacobi identity for n = 4 was discussed in [H] and had the form 

[[[X,,X2],Xs],X,] + [[[X,,X^],X,],X3] + [[[X3,X,],X,],X,] + [[[X4, X3], XJ, Xi] = 0. (5.3) 

This identity can be derived from (15. ip . Indeed, one can straightforwardly check that it is in 
fact 

[Xi, X2X3X4] - [X2, X1X3X4] + [X4, X3X2X1] - [X4, X3X1X2] + (5.4) 

+c2/c/e(Xi,X2,X3,X4)=0. 

The generalization of identity (15. 3 p for n = 5, 6, ... was given in [15] and again these generalized 
Jacobi identities can be derived from the fundamental identities ( 15. ip . 

We can also suggest a generalization of the identity ( 12. 9p . For four elements one has 

[Xi, X2X3X4] - {X4, X1X2X3} + {X3, X4X1X2} + [X2, X3X4X1] = 0. (5.5) 



In general, for any associative algebra there exist the following identities 

[Xi, X2X3 ■ ■ ■ Xn] — {Xn, X1X2 ■ ■ ■ Xn-i} + {X„_i, XnXi ■ ■ ■ Xn-2] + (5.6) 

+ [Xn-2, Xn~lXnXi ■ ■ ■ Xn~z\ + [Xn-3) Xn-2Xn-lXnXi ■ ■ ■ Xn-Al + 

+ --- + [X2,X,---X^X,] = 0, n>4. 
The proof of fl5.6p is based on the evident identity 

l^n, -^1-^2 ■ ■ ■ -^n-l] + l^n-l, ^n^l ' ' ' -^n-2] + (5.7) 

+ {Xn, -'^l-'^2 • ■ ■ ^n-l} — {^n-lj^n^l ' ' ' -^n-2} = 0, Tl >2. 

Applying then to (15 .Zp the identity (15. ip we arrive at the identity fl5.6p . As in the case of (12. 8 p 
the identity (15. ip can be derive from (15.60 . To do this we consider the summation of (15. 6p over 
cyclic permutations. We have 

((n — 2)[Xi, X2X3 ■ ■ ■ Xn] — {Xn, -^1^2 ■ ■ ■ Xn-l} + {X„_i, X„Xi • ■ ■ Xn-2}) + 

+cyde{X,,X2,...,Xn) = 0. (5.8) 

But 

{{Xn,X,X2 ■ --Xn-l} - {Xn^uXnX, ■ ■ ■X„_2}) + Cyde{Xi, X2, ...,Xn) = 

and from ( 15. 8p it follows the identity ( 15. ip . 

6 Discussions 

We have introduced new basic identity for any associative algebra (I2.9p and any associative 
superalgebra (13. lip and proposed to consider these identities as fundamental ones because they 
are described in terms of single commutators and anticommutators in contrast with usually 
discussed identities for algebras (see for instance [121 [13]). 

We have proved that any algebra (superalgebra) equipped with the basic identity is in fact 
the associative algebra (superalgebra). It should be stressed that in the prove, there were no 
assumptions concerning finiteness or even existence of a basis for a given (super) algebra used. 

We have introduced the identity (14. 4p for any non-degenerate even symplectic supermani- 
fold and discussed an application of this identity within canonical quantization of dynamical 

systems. 

Finally we have proposed generalization of the basic identities for the case of arbitrary num- 
ber of elements involving in these relations (see (15. ip and (15. 6p ). 
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